Majorana has recently shown by using a special set of Dirac matrices that the symmetry properties of the Dirac equations make possible the elimination of the negative energy states in the case of a free particle. Ke present here a further investigation of this possibility, in a treatment based on an arbitrary Hermitian representation of the Dirac matrices instead of Majorana's special representation. The new procedure is compared with Schroedinger's early attempt to eliminate the negative energy states. The question of Lorentz invariance is discussed, and also the possibility of subjecting the particle to forces; it is found that the only sort of force having a classical analogue which is consistent with Majorana's way of eliminating the negative energy states is the nonelectric force of a scalar potential. The theory is worked through for this case, and it is pointed out that, in spite of the fact that the exclusion of negative energy states is accomplished without the introduction of antiparticles, the formalism still shows the stigmata associated with subtraction theories of the positron: the presence of otiose infinite terms which should be removed by subtraction, and the creation and destruction of pairs of particles. The application of Majorana's forrnalism to the theory of P-radioactivity is discussed at the end of the paper. Here the physical interpretation is quite different from that of the ordinary theory, since only neutrinos appear instead of the neutrinos and antineutrinos of the usual picture. The results predicted for all observed processes are nevertheless identical with those of the ordinary theory. An experimental decision between the formulation using neutrinos and antineutrinos and that using only neutrinos will apparently be even more difficult than the direct demonstration of the existence of the neutrino.
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I. INTRQDUcTIQN 'N a recent paper' Majorana has presented a &-derivation of a symmetrical theory of the electron and positron from a new type of variation principle whose use depends essentially on the fact that the quantities involved are qnumbers. In spite of this novel approach, the positron theory he obtains is essentially just a subtraction theory of the simplest type; but Majorana also showed how his ideas can be applied in the theory of the neutral particle to obtain a formalism essentially different from that of the ordinary Dirac 'theory. Qualitatively the difference appears in the number of states having the same momentum.
In the Dirac theory as used at present there are four such states, corresponding to two alternatives for the spin orientation and to the possible existence of both the particles in question and their "antiparticles" -e.g. , neutrinos and antineutrinos. In the Majorana theory there are just two states for a given momentum, corresponding to the two possibilities for the spin; there are no "antiparticles" and, in the final formulation, no mention of negative energy states.
'E. Majorana, Nuovo Cimento 14, 171 (1937) .
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As has been remarked by Racah, ' a theory of Majorana's type cannot very reasonably be supposed to hold for neutrons because of their unsymmetrical relation to the two signs of charge and their possession of a magnetic moment. For the neutrino, however, the Majorana theory is a Priori just as acceptable as the ordinary Dirac theory. It is interesting to find that it is possible to accomplish all the purposes for which the neutrino theory was devised, including the discussion of both electron emission and positron emission, without the introduction of antineutrinos. This point will be discussed further in the. concluding section.
The main formal developments of the present paper are concerned with the generalization of the theory to allow the use of an arbitrary Hermitian representation of the Dirac matrices, instead of the special sort of representation to which Majorana's original treatment is restricted, and with the extension of the theory to include the action on the particles of the non- In both cases we may take as the essential problem that of projecting the function space of the Dirac wave functions into one of two equal subspaces. But our use in this connection of the terms "projection" and "subspace" must at once be accompanied by a warning: In the Schroedinger case we are actually concerned with projection into a linear subspace according to the accepted definition' of these words, but this is not so in the Majorana case. In Section II we shall discuss in detail the unorthodox and rather artificial sense in which such terms may be used about Majorana's procedure. It is interesting that the procedure which is more artificial is also much more successful.
In the Schroedinger case the two subspaces are those of the positive energy and negative energy wave functions of a free particle, and the projection is to consist in omitting the negative energy components of any given wave function.
That is, if g -t(, (+) +g, ( -) where P(+) . consists of positive energy functions of a free particle and P( ) of negative energy 4 Cf. D. R. Inglis, Phys. Rev. 50, 783 t, '1936 
The projection (I 5) also has the disadvantage that after a wave function has been projected into the positive-energy subspace it will not remain confined to that subspace if the particle is subject to forces of any ordinary sort. Xotati on. In the Dirac theory of a single particle there occur four-row square matrices such as n; and A, four-row one-column matrices such as the wave function P, and one-row four-» W. Pauli The operators P and I obviously satisfy P+I= 1 (6) and we can readily show that they also satisfy P'= I',
= 2 (4+A*4*)=PS.
Q.E.D. Equation (7) expresses the fact that the operators P and I are idempotent, a property which a projection operator must possess, and (6) and (8) 
The meaning of such equations is of course that the application of the left member to an arbitrary lt gives the same result as the application of the right membe'r. To prove (7) and (8) 
Proof: Since the operations involved in applying P have nothing to do with the dependence of P on the x', (9) is equivalent to S(a"")PQ=PS(a" )P.
apart from a possible factor -1. (12) for a free particle, together with terms representing any interactions of the particle with fields of force. The known possibilities for forces having classical analogs are:
(charge e on particle),
On making use 'of (2) and of the Hermitian character of a and P, one finds that (11) is satisfied by any product of factors of the forms (12), so that the truth of (10) is established.
Because of the noninvariance of the projection P under change of phase, the phase factors in S(a"")must be kept the same as specified in (12) be necessary to know the commutation rules obeyed by the components of the projected wave function. Assuming the four components of P to satisfy the usual Jordan-Wigner" relations P, *(r)P;(r') +P;(r') P;*(r) = 8;;6(r -r'), (20) is the Dirac Hamiltonian for a single particle, expressed in terms of a specially chosen representation of the Dirac matrices, denoted by air, Pir, which satisfy For this representation, a suitable form of the operator A is as is seen by comparing (24) (21) )t V~'(r) X'-ir Vir(r) dr, (23") U, (r) U;(r') + U, (r') U;(r) = -', A;;*8(r -r'), (22) U"*(r)U;~(r') + U;*(r') U;*(r) = -, 'A, ;ii(r r')- 
We now set These relations suggest that we should subject (23) to the substitution
Relations satisfied by a;(k) and a;*(k). From (22) and (31) it follows that the commutation relations for these quantities are:
=-', A;;*&( -k', k), a,~(k)a;*(k')+a, *(k')a,*(k) = -, 'A;;i)( -k', k).
By substituting (5) and (30) into (21'), multiplying by (k~r) and integrating, one finds the linear relations a(k) =A*a*( -k), a*(k) =Aa( -k). (35) It is readily verified that (34) and (35) are consistent with each other.
We now make a linear substitution on the a(k) and a~(k), in order to diagonalize the freeparticle terms in (32). Set where (r~k) =(k~r)*= V lexp Ii(mc/h)k r} (31) and a(k) is a four-component quantity; we suppose the allowed values of k made denumerable by imposition of the usual periodic boundary condition in a box of volume V, and the integral in (29) extended over this volume. Then where u(k) and v(k) are two-rowed unitary matrices. The proof is similar to that of (40) . By (38) we have, since e, P are Hermitian, (40) 
From (35) and (36) we get the linear relations (42) and (44) The actual use of the expression (50) and of an analogous expression for the one-row matrix b (k) is not at all difficult, but involves a considerable amount of writing. A simple way to get the same result is to make the substitutions (41), and then discard all terms involving we get b, (k), b4(k), ba*(k) and b4*(k). The result is (52) where [M] ' means the two-rowed matrix obtained from the four-rowed matrix M by taking the upper left hand quadrant, and
B,*(k) = v2b, *(k), B,*(k) = v2b, *(k).
It is important to note that the subscript on B or J3* can take only two values instead of four. The expression (52) can be simplified considerably by means of the relations (48), (45), (43), (39), (4), (3), and (2). One obtains:
Now from (53), (42), and (45) We now wish to give (56) a more explicit form by introducing special forms of the matrices p, A, and S(k). Before doing so let us establish conclusively that the results are essentially independent of the choice of these forms. We shall prove that any change in this choice is equivalent to at most a two-rowed unitary transformation
In the first place, it is at once evident from (40) that a change in S(k) for fixed e, p is equivalent to a transformation of the type (58). Also, for fixed n, p the only change we can make in A is a phase factor, which corresponds to a transformation of the type (58) with t(k) a mere phase factor. These results permit us to discuss the case in which the representation of n, p is changed by prescribing particular corresponding changes of S(k) and A. From (37), (38), and (1), (2), (3) it is evident that if the new Dirac matrices are a; =Rtn, R, P = RtPR, RtR = 1, 
On substituting (59) - (62) into (56) one readily
-(e'+1)(ir. k) } I 16ee'(&+1)(e'+1) } -l.
The general significance of (63) is clear, since according to (55) and (57) 
where (65) and (65'). This is the familiar way of establishing the invariance of the "even" terms involving (k~U~k '). But since (k, k'~C~) and (~D~k, k') are of the forms 3fr"and cr"M, respectively, we find that B~CB* and 8'DB are invariant under these same rules of transformation, because o"n*(n), 0) =u(n"g)o. "; u'(n~, 0)o"=o"ut(n&, 0). and also contributions to the energy from the odd terms will be of the order of~( k~C~k ')~', which, since the field is weak, can be neglected compared to the even terms. Also the irrationalities can be removed by expansion in powers of k and k', since for a slow particle these are small of order v/c; one may conveniently work to the order O'. In this approximation the even matrix elements contained in (63) are, apart from the "subtraction terms" equivalent by partial integration to those of
Here the first three terms are, respectively, proper energy, nonrelativistic kinetic energy, and potential energy, and the last term gives precisely the spin orbit coupling corresponding to the Thomas precession. " Just as in the case of the nonrelativistic approximation obtained from the usual Dirac equations for a single particle there appears still another term, which in the present instance is Hermitian.
The matrix elements occurring in (64) are just those which appear in the simple subtraction theory in which both particles and antiparticles occur. The physical interpretation is, however, rather different; the events of creation and annihilation may here involve any two particles which occur at all in the theory, instead of having to involve one particle from each of two distinct kinds.
As was mentioned in the introduction, the neutrino theory of P-radioactivity either with electron emission or with positron emission can be based on this theory of the neutrino quite as well as on the usual formalism in which antineutrinos occur. As Racah' has pointed out, the procedure is, schematically, just to replace the neutrino wave function p by -, '(p+A*p*) and replace y* by -', (q*+Ap) throughout whatever formula for the interaction energy it is desired to use. In our present language this means replacing p by U and q* by U*, after which one may use the formulas of Section III to express the interaction in terms of the operators B"*(k)and (Bk)(r=1, 2), which refer to the emission and " Cf. references 4 and 3. absorption of neutrinos. Using (30), (36), (50) and (53), we have y -+U=2~Z (k)(rik)S(k) B&(k) 82(k) fall +1 ( k) +~12 +2 ( k) . s~i*&i*( -k)+sn*&2*( -k), Differences would presumably appear in the results of using the light particle fields to account for the forces between heavy particles, but this part of the subject is in such an unsatisfactory state owing to divergence dik. culties that it seems to offer no hope of a decision, and indeed it seems quite doubtful that nuclear forces are to be explained in this way. Another possibility of deciding between the two theories is offered in principle by the phenomenon of p-decay with absorjtion of a light neutral particle instead of its emission, the p-ray accordingly having more energy than the limit of the spectrum instead of less. Here, as Racah has remarked, there is an obvious qualitative difference between the two theories. On the ordinary Dirac theory, a positron emitter can be "stimulated" only by an electron emitter, and vice versa, but on the Majorana theory any emission may "stimulate" any other emission, whether of the same or of opposite type. But since the cross section" of a radioactive nucleus for capture of a neutrino is of order of magnitude between 10 "and 10 "cm', it seems unlikely that this effect, which would not only serve to decide the question of the existence of antineutrinos but would provide experimental evidence of the best sort for the neutrino hypothesis itself, can ever be observed. sistent with Fermi's actual choice of the interaction energy expression, so that his original formalism could not be carried over into the Majorana theory. This lack of exact correspondence between the two points of view is to be regarded as due to objectionably artificial characteristics of the Fermi type of expression, which are avoided in the now generally accepted Konopinski-Uhlenbeck type.
"H. Bethe and R. Peierls, Nature 133, 532 (1934) .
